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Abstract. It is shown that if a fensible solution to a binary mathematical programming problem 
is represented as an N x N matrix consisting of zeroes and ones, where there exists a single one 
in each row, then this matrix is periodic. Rom this result, it is proved that the eigenvalues of 
the constraint matrix are the N roots of unity. 
For an N-city traveling salesman 
1. INTRODUCTION 
problem, let X = [X,], 15 i, j 5 N, 
ifj=;+l, i= 1 ,...,N-1 
ifi=N, j=l 
otherwise, 
and (1) defines a superdiagonal matrix. 
Observe that, if N = 5, then 
x*=xX= 
0 0 1 0 0 
0 0 0 1 0 
0 0 0 0 1 
1 0 0 0 0 
0 1 0 0 0 
= 
0 I 13 
--- 
l 
--- 
I2 I 0 I = (X3)T 
and X2 corresponds to the permutation (tour) (1,3), (3,5), (5,2), (2,4), (4,1). Also, 
x3=x*x=xX2= 
0 0 0 1 0 
0 0 0 0 1 
1 0 0 0 0 
0 1 0 0 0 
0 0 1 0 0 
0 I 12 
= --- I ’ I --- = (X*)T 13 I 0 
which corresponds to the feasible tour (1,4), (4,2), (2,5), (5,3), (3,l). 
(1) 
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In addition 
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ro 0 0 0 11 
1 0 0 0 0 0 I 11 
x4 = 0 1 0 0 0 _I = --- 1 --- =x= 
0 0 1 0 0 
1-1 I 0 
J 
_o 0 0 1 0 
and 
X5 = Is. 
Now, X4 corresponds to (1,4), (4,2), (2,5), (5,3), (3, l), which is feasible. Clearly, Gs = 
{X,X*, X3, X4, Is} under matrix multiplication forms a cyclic group of order 5. 
2. THE PERIODIC NATURE OF BINARY MATRICES WHERE Rows Su%f TO ONE 
Consider an N x N binary matrix X = [Xij], where X is defined by (1). Then, by a 
Corollary to Frobenius’ Theorem, regarding the eigenvalues of non-negative matrices (see 
Cinlar [l, pages 376]), the N eigenvalues Xi, j = 1,. . . , N are all distinct and are 
/\jN = exp(2jri/N) = cos(2jn/N) + i sin(2j*/N), j = 1,. . . , N (2) 
Note that (2) states that the eigenvalues are the N roots of unity. 
The N eigenvalues Xj, j = 1, . . . , N, in (2) , are roots of the characteristic equation 
AN-l=0 (3) 
Now, by Cayley-Hamilton Theorem, the matrix X defined by (1) and (3) satisfies its own 
characteristic equation, 
XN=IN (4) 
Then, by (4) for any j, ISjSN, 
xj+N = XixN = xjIN = xi or p+j = XNxj = xJ. 
Thus, the following result has been established. 
THEOREM 1. If X is an N x N binary matrix that satisfies (l), then X is periodic with 
period N and its eigenvalues are the N roots of unity. 
Example 1: For the N = 5 city traveling salesman there are 4! = 4.6 feasible tours. Note 
that by utilizing X as defined in (1) as a generator, X, X2, X3, and X4 also represent feasible 
tours. It is thus speculated that the solution space to the 5 city traveling salesman problem 
may be represented as a hypercube with four vertices on each face and with six faces. In this 
sense, this is similar to an ordinary cube. However, where an ordinary cube shares vertices 
on adjacent faces, the hypercube of solutions for the traveling salesman problem does not 
share vertices on adjacent faces. 
Example 2: Again consider N = 5, with 
-0 0 0 0 l- 
1 0 0 0 0 
Y= 0 0 0 1 0 = (Y’)T 
0 1 0 0 0 
_o 0 1 0 0, 
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where the tour (1,5,3,4,2,1) is represented. Subsequently, 
-0 0 1 0 o- 
0 0 0 0 1 
y2 = 0 1 0 0 0 = (Y3)= 
1 0 0 0 0 
-0 0 0 0 l- 
represent the tour (1,3,2,5,4, l), 
-0 0 0 1 o- -0 1 0 0 o- 
0 0 1 0 0 0 0 0 1 0 
Y3= 1 0 0 0 0 =(Y2)T Y4 = 0 0 0.0 1 = YT 
0 0 0 0 1 0 0 1 0 0 
-0 1 0 0 0, -1 0 0 0 0, 
represent he tour (1,2,4,3,5, l), and Y5 = 1s. In this case, Y is the generator of the cyclic 
group H5 = {Y,Y2,Y3,Y4,&). 
Although Y is not represented by (l), it satisfies the following property 
Y = [Yij], where xje{O, 1) 
and 
N 
c 
xj = 1, i= l,...,N (5) 
j=l 
N 
c yij = 1, j= l,...,N 
i= 1 
(6) 
and 
xi = 0, i= l,...,N (7) 
It is clear, from the definition of matrix multiplication and (5) ,(S) , and (7) , that a binary 
matrix Y satisfying (5) - (7) satisfies Theorem 1. Thus, 
THEOREM 2. If Y is an N x N binary matrix satisfying (5) - (7) , then Y is periodic with 
period N and its eigenvalues are the N roots of unity. 
REMARK. If only (5) and (6) are satisfied, then the example Y = IN shows that Theorem 2 
will not hold. 
NOTE. For Example 2, Y and its successors Y2, Y3, Y4 represent four vertices on a different 
face of the hypercube of the solution space of the five-city problem than X and its successors. 
Cleariy, X and Y represent two of the six generators necessary to obtain all 24 vertices of 
the five-city traveling salesman problem. Also note that X and Y have exactly the same 
eigenvalues. 
3. SUMMARY 
This paper has shown that binary matrices that form constraint matrices for several 
prototype models in mathematical programming possess periodic behavior. From this, the 
spectrum for such matrices was shown to have a geometric interpretation. Lastly, a geometric 
view of the solution space for the traveling salesman problem is provided in the form of 
examples. 
REFERENCES 
1. E. Cinlar. Introduction to Stochastic Proeesse~, PrenticeHall, En&wood Cliffs, New Jersey, (1975). 
University of South Florida, Tampa, Florida 33620 
